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Warm up

Given any 5 points on the unit 1
square, show there’s always a pair ®

: 2
distance < g apart ¢
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If points p4, p, in same quadrant, then §(p{, p,) <

Given 5 points, two must share the same quadrant 1]

Pigeonhole Principle!




Today's Keywords

e Karatsuba (one last time!)
* Solving recurrences

* Cookbook Method

* Master Theorem

e Substitution Method



CLRS Readings

* Chapter 4



HoMeworks

Friday, January 31 at 11pm
* HW1 due Fhussaay-danuary3G-at-tprm
— Written (use Latex!) — Submit BOTH pdf and zip!
— Asymptotic notation
— Recurrences
— Divide and Conquer
e HW2 out tomorrow, due Thursday, February 6 at 11pm
— Written (use Latex!)

— Divide and Conquer
— Master Theorem



Recurrence Solving Technigues

e
? Tree

?\/Guess/Check {induction)

it I( ”

8§ Substitution




Induction (review)

Goal: Vk € N, P(k) holds

Base case(s): P(1) holds

Hypothesis: Vx < x,, P(x) holds

/
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Technically, called
strong induction

~
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Inductive step: show P(1), ..., P(xy) = P(xy, + 1)



Guess and Check Intuition

* Show:T(n) € 0(g(n))
* Consider: g.(n) = c - g(n) for some constant c, i.e. pick g,.(n) € 0(g(n))
* Goal: show dn, such that vn > ny, T(n) < g.(n)
— (definition of big-0)
* Technique: Induction

— Base cases:
* showT(1) < g.(1),T(2) < g.(2), ... for a small number of cases (may need additional base cases)
— Hypothesis: ~
e Vn < x0,T(n) < g.,(n) Need to ensure that in inductive
— Inductive step: step, can either appeal to a base
case or to the inductive hypothesis

e Show T(xp+ 1) < g.(xg + 1) U /
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BN Karatsuba Algorithm

X| € d

1.Recursively compute: ac, bd, (a + b)(c + d)
2. (ad +bc) =(a+b)(c+d) —ac — bd

3. Return 10™(ac) + 10z2(ad + bc) + bd

n
2

Pseudo-code T(n) = 3T(
1. x « Karatsuba(a, c)
2. vy « Karatsuba(b, d)
3. z « Karatsuba(a+b,c+d)—x—y
4. Return 10™x + 102z +y

)+8n




3. Use asymptotic notation to simplify

T(n) = 3T (g) + 8n
logo n .
) =8n Y (3/,)
i=0
3 log, n+1 B
T(n) = 8n( /2)3 !
/21

Math, math, and more math...(on board, see lecture supplement)

T(n) = 24(n'°823) — 16n = @(nlos2 3)
~ @(n1.585) 10



Karatsupba Guess and Check

n
T = 3T (= 3 .
() (2) Ton 3,@:2%“7*‘ -lon
Goal: T(n) < 24n'°823 — 16n = 0(n'°82 3)

Base cases: by inspection, holds for small n (at home)

Hypothesis:  Vn < xo, T(n) < 24n!°823 — 16n

Inductive step: T(xo + 1) < 24(xo + 1)1°823 — 16(xy + 1)
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Karatsupba Guess and Check

1) = 2T (L8 w
W' Pnex. T2 2903 -1bn

09,3
\ndac ke S\-f.\o'. Shos  tlxst!) £ 24 (\(AI\” = 16( 1)
Thesd) = 3T (E2) * 8 rrd)
23 (2 (&)Y -1 (% )) + 8(xs)

- 3 (31 Gl _ g6 + 86D
- gcn(i AT () 8 (%)

=2y [xstD N — )b [y-+1)



What it we leave out the —16n”

T(n) = 3T (g) + 8n

Goal: T(n) < 24n'°823 — 161 = 0(n'°82 3)
Base cases: by inspection, holds for small n (at home)

Hypothesis:  Vn < xo, T(n) < 24n!°823 — 16n
Inductive step: T(xg + 1) < 24(xo + 1)'°823 — 16(x, + 1)

What we wanted: T(xy + 1) < 24(x, + 1)'082 3 Induction failed!
What we got: T(xg + 1) < 24(xy + 1)1°823 + 8(x + 1)
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‘Bad Mergesort” Guess and Check

n
T(n) =2T (5) +209n
Goal: T(n) < 209nlog,n = 0(nlog, n)
Basecases: T(1)=0
T(2) =518 < 209 - 2log, 2

... up to some small k

Hypothesis:  Vn < xy,T(n) < 209nlog, n

Inductive step: T(xg+ 1) < 209(xg + 1) log,(xo + 1)

Prove this on your own
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Recurrence Solving Technigues

e
? Tree

? ‘/Guess/Check

T
s (( »”
W “Cookbook

8§ Substitution
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* Divide: D(n) time

* Conquer: recurse on small problems, size s
* Combine: C(n) time

* Recurrence:

T(n) = D(n) + Z T(s) + C(n)

* Many D&C recurrences are of the form:
T(n) =aT (%) + f(n), where f(n) = D(n) + C(n)
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Remember. ..

n

* Better Attendance: T(n) =T (E) + 2
 MergeSort: T(n) =2T (g) +n
* D&C Multiplication: T(n) = 4T (g) + 5n

e Karatsuba: T(n) = 3T (g) + 8n
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3 Cases

L =log,n

T(n)—f(n)+af +a2f +a3f + +aLf(
Case 1:
Most work D D a A
happens at
the leaves
\§ )
throughout
a I
Case 3:
Most work
L @
top of tree \_ Y () 19

Case 2:
Work happens




Vliaster Theorem

n

T(n) =aT (b) + f(n)

Case 1: if f(n) € 0(n'°8> * =€) for some constant € > 0,
thenT(n) € @(nlogb a)

Case 2: if f(n) € O(n'°8» %), then T(n) € O(n'°8» “ logn)

Case 3:if f(n) € Q(n'°8» “*€) for some constant € > 0,
andifaf (%) < cf(n) for some constantc < 1

and all sufficiently large n,
then T(n) € O(f(n))
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Proof of Case 1

logp n

T =aT () +fm = ) alf(5).

1=0

f(Tl) = O(nlogb a—e) = f(n) <c- nlogb a—e

Insert math here...



Proof of Case 1

’r(n\ = aT(t\-\—;(A\ - i (‘(ﬂ\ Assume: Pl ¢ 0('\""’."8 (°9 -
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Proof of Case 1

- { (
Tl) e w3t (-1 agn'e
- C‘1 h‘b,b‘ - Cq“‘qb"i A C‘sn(ﬁ‘ﬂ

logua -

< csnhv“ ¢ O(nl7“‘3

Conclusion: T(n) = 0(n'°8» ¢)
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