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Warm up

Given 5 points on the unit equilateral
triangle, show there’s always a pair of

. 1
distance < . apart




CS4102 Algorithms

Spring 2020

If points py, p, in same quadrant, then §(py, py) < %

Given 5 points, two must share the same quadrant

Pigeonhole Principle!




Today's Keywords

* Divide and Conquer
* Closest Pair of Points



CLRS Readings

* Chapter 4



HomMeworks

* HW2 due Thursday 2/6 at 11pm
— Written (use Latex!) — Submit BOTH pdf and zip!
— Asymptotic notation
— Recurrences
— Master Theorem

— Divide and Conquer



Recurrence Solving Technigues
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Vliaster Theorem

n

T(n) =aT (b) + f(n)

Case 1: if f(n) € 0(n'°8> * =€) for some constant € > 0,
thenT(n) € @(nlogb a)

Case 2: if f(n) € O(n'°8» %), then T(n) € O(n'°8» “ logn)

Case 3:if f(n) € Q(n'°8» “*€) for some constant € > 0,
andifaf (%) < cf(n) for some constantc < 1

and all sufficiently large n,
then T(n) € O(f(n))



3 Cases

L =log,n

T(n)—f(n)+af +a2f +a3f + +aLf(
Case 1:
Most work D D a A
happens at
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Work happens




Historical Aside: Master Theorem

No Picture Found

Jon Bentley Dorothea Haken James Saxe



Master Theorem =xample 1

T(n) = aT (g) + f(n)

*  Case 1:if f(n) = 0(n!°8 @ ~%) for some constant € > 0, then T(n) = O(n'°8s ¢)
*  Case 2:if f(n) = O(n'°8 @), then T(n) = O(n'°8> *logn)

*  Case 3:if f(n) = Q(nl°8 4+€) for some constant € > 0, and if af (g) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) =2T(2

)+n

Case 2
0(n'°822logn) = O(nlogn)
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Tree methoo

T(n)=2T(g)+n
n n
n/2 M n/2 "
"n//z}\l 4 ‘(/4\ n/4
n/4 "% In/4 M 1 in/4 VM n/4
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Master Theorem =xample 2

n
T(n) = aT (E) + f(n)

* Case 1:if f(n) = 0(n!°8 ¢ ~¢) for some constant € > 0, then T(n) = 0(n!°8 9)
e Case 2:if f(n) = O(nl°8 2), then T(n) = O(n'°8 ¢logn)

«  Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if af (g) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) =4T(2

)+5n

Casel
0(n'o824) = @(n?)
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Tree methoo

T(n) = 4T (%) + 5n
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Tree methoo

T(n) = 4T (g) +5n

5n
Cost is increasing with the recursion depth
(due to large number of subproblems) 4 - D
—_— n
Most of the work happening in the leaves
<.
— 0 n
4




Master Theorem =xample 3

n
T(n) = aT (E) + f(n)

* Case 1:if f(n) = 0(n!°8 ¢ ~¢) for some constant € > 0, then T(n) = 0(n!°8 9)
e Case 2:if f(n) = O(nl°8 2), then T(n) = O(n'°8 ¢logn)

«  Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if af (g) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) = 3T(2

)+8n

Case 1
@(nlogz 3) ~ @(nl.S)
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T(n)=3T( )+8n
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Master Theorem =xample 4

n
T(n) = aT (E) + f(n)

* Case 1:if f(n) = 0(n!°8 ¢ ~¢) for some constant € > 0, then T(n) = 0(n!°8 9)
e Case 2:if f(n) = O(nl°8 2), then T(n) = O(n'°8 ¢logn)

«  Case 3:if f(n) = Q(nl°8 2+€) for some constant € > 0, and if af (g) < cf(n) for some constant
¢ < 1 and all sufficiently large n, then T(n) = 0(f(n))

n

T(n) =2T(2

) + 15n3

Case 3
e(n3)
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Tree methoo

n

T(n) = 2T(2

)+ 15n3

n/2 |15(;) + n/2 |50 4
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Tree methoo

n

2)-+15n3

T(n) = 2T(

(due to high non-recursive cost) 1573

4
15n3 > log, n
16

Most of the work happening at the top

1513 Y
Cost is decreasing with the recursion depth

15log, ny
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Recurrence Solving Technigues

e
? Tree

?\/Guess/Check

“Cookbook”

Substitution
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Supstitution Methoo

* |dea: take a “difficult” recurrence, re-express it such that one
of our other methods applies.

* Example:

T(n) = 2T(yn) +log, n
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Tree methoo

log, n'/? = ~log, n

T(n) = 2T(vn) +logyn

log, n lOgZ n)
n
/\ .

4/1/\1 1 —T N log; logz n
]
\/ﬁ 4082 \/\7% 210821 ﬁ 1 %81 Jﬁ 30827 logzn>

1 1 1 1 1 !
2 1wl 2 il 2 &%t 2 4] 2 1% 2 logz 1)

T(n) = 0(log, n - log, log, n)
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Supstitution Methoo

~

| don’t like the % in

T(n) = 2T(/n) + log, n

— ZT(nl/Z) 1 lng n the exponent
%
letn = 2™ je.m = log, n Now the variable is in the
’ - exponent on both sides!
T(2™) = 2T (27) + m Rewrite in terms of exponent!
Let S(m) — ZS (E) +m Case 2| S will operate exactly as T, just B
2 ' redefined in terms of the

exponent
S(m) = T(Zm) /
Let T(n) = O(lognloglogn) .

Let S(m) = O(mlogm)  Substitute Back




Tree methoo

m
n=2m T(2™) = 2T (22) +m
log, n 1082 n\
2m
/\ .
am/2 | Slogyn 4 2m/2 | Slogym log, n
1 1

(/4‘1182/"\ Zlogzn mllogzn > log, log, n

2111/4- |- 2m/4 - 2111/4- + Zm/‘l' 4 lOgZ n

1 1 1 1 1 1
2 |+ 2 |4 2 et 2 |+ 2 |+ 2 log, n)
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Tree methoo

n=2" T(2™M) = 2T(2™/2) + m
Zm m m )
2z |,y 2m/2 | m
—r N, 7 N, logzm
IM/4 (4 + | om/4 [y +om/4 |y + | om/4 | m
1 1 1 1 1
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Tree methoo

n=2" S(m)=25(m)+m
T(2™) = S(m) 2
m m A
m
m/2 % + m/2 % m
(m/\ m 44\ m >log,m
m/4 4+ m/4 |4 T im/4 |4+ T im/4 4 T
s T ™ s
1 - 1 1 1 1
1 +| 1 [+ 1 Jfeee+| 1 |+ 1 |+ 1 m.

T(n) =0(m -log, m)= 0(log, n - log,log, n)
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